There have been three main models applied to infer fractal dimensions of reservoir rock from capillary pressure curves measured by mercury intrusion. In this study, fractal dimension was used to characterize the heterogeneity of rock quantitatively. The three fractal models were derived theoretically and found to be interrelated. Capillary pressure curves of different rock samples were measured using a mercury intrusion technique. The values of fractal dimension were calculated using the three fractal models and the results were compared. The values of fractal dimension calculated from two models were almost the same and ranged from 2 to 3. However the fractal dimensions calculated using the other model were different and ranged from 1 to 2. It was found that the Brooks-Corey capillary pressure model did not work for all of the core samples studied but the fractal models work satisfactorily in all cases. The fractal approach was verified qualitatively using frequency graphs of pore size distribution of the rock samples.
Introduction
Heterogeneity of reservoir rock is a key parameter in reservoir engineering; it controls production performance and ultimate oil recovery, etc. It would be helpful for engineers to have an appropriate approach to characterize the heterogeneity of reservoir rock quantitatively. However this has been a challenge for a long time.
There have been many methods to characterize heterogeneity of objects in nature. Among the approaches, fractal geometry has been utilized in many areas, including the characterization of rock heterogeneity in reservoirs. Many researchers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] have studied the fractal nature of reservoir rocks and other porous media in the past two decades.
Katz and Thompson 1 showed that the pore spaces of several sandstones are fractal by using scanning electron microscopy (SEM) and optical data. Katz and Thompson 1 developed a method to predict rock porosity using the fractal statistics.
Wong et al. 2 studied the microstructure of sedimentary rocks by using small-angle neutron scattering (SANS) and found that the pore spaces of sandstones and shales show fractal nature because of the presence of clay.
Friesen and Mikula 3 proposed a technique to infer fractal dimension of coal particles from capillary pressure data by mercury intrusion porosimetry. Later Pérez Bernal and Bello López 12 calculated the fractal dimensions of building stones using this approach.
Hansen and Skjeltorp 4 conducted direct measurements of the fractal volume and surface dimensions of sandstones; they evaluated fractal dimensions using box-counting techniques. Hansen and Skjeltorp 4 demonstrated the dependence of rock permeability on the values of fractal dimension.
Krohn 5 measured the fractal properties of sandstones, shales, and carbonates using a statistical analysis of structural features on fracture surfaces. Krohn 5 found that the values of porosity calculated using the fractal model were less than or equal to the measured values. The remaining porosity might be associated with Euclidean pores. This may explain the difference between the measured porosity and the porosity estimated by the fractal model proposed by Katz and Thompson 1 . Lenormand 6 investigated gravity drainage in micromodels and proposed that the production rate may be a power-law function of production time. The exponent of this function was associated with the fractal nature of the micromodels. Lenormand 6 also reported a relative permeability model derived from fractal modeling of porous media.
Angulo and Gonzalez 7 reported another approach to evaluate fractal dimensions using capillary pressure data from mercury intrusion tests. The idea was to plot the volume of mercury intruded into rock versus capillary pressure; the relationship between the two parameters was supposed to be a power-law function. Angulo and Gonzalez 7 related the scaling exponent to the pore bulk fractal dimensions.
The author, with Shen 8, 9 and Horne
11
, also developed a method to calculate fractal dimension and characterize the heterogeneity of rock using capillary pressure data from mercury intrusion tests. The number of pores was estimated from the capillary pressure curves first and then the radius of pore throat was inferred. The number of pores was plotted versus the radius of pore throat. The relationship between the number of pores and the radius of pore throat was seen to be a power-law function.
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Characterization of Rock Heterogeneity Using Fractal Geometry Kewen Li, SPE, Stanford University According to the fractal curves inferred from capillary pressures measured by mercury intrusion, Shen and Li 8 found that the part of porous media with large pores was not fractal (domain I) but the remaining part with small pores was fractal (domain II or domain III). This is consistent with the results of porosity measurements by Krohn 5 who reported that the measured values of porosity were greater than or equal to the values calculated using fractal model proposed by Katz and Thompson 1 . The reason may be that the part with large pores was not considered in the fractal porosity model. Shen and Li 8, 9 observed two domains (domain II and domain III) with different fractal dimensions in the fractal part of some porous systems. Shen and Li 9 also reported the experimental relationship between the oil recovery by water flooding and the fractal dimension of domain II as well as the relationship between the initial water saturation and the fractal dimension of domain III with smaller pores.
Li and Horne 11 found the capillary pressure curves measured by mercury intrusion in The Geysers graywacke rock could not be represented using the frequently-used Brooks-Corey 13 model but could be modeled using a fractal approach.
Attention has also been paid to the application of fractal modeling of porous media in reservoir engineering. Moulu et al. 10 developed a three-phase relative permeability model based on the fractal representation of rock. Toledo et al. 14 proposed fractal models for capillary pressure, water relative permeability, electrical conductivity, and capillary dispersion. Few experimental data were used to test the models. Abdassah 15 derived an electrical resistivity model according to the fractal modeling of thin-sections.
Summarizing the literature in this area, there have been many methods to infer the fractal dimension of rock. These methods include SEM 1 , SANS 2 , thin-section 15 , and mercury intrusion 3, [7] [8] [9] 11 . Only the mercury intrusion technique was considered in this study. There have been three main models 3, 7, 8 to infer fractal dimensions from capillary pressure curves measured by mercury intrusion. Few studies have investigated the relationship between these models. On the other hand, results obtained from different fractal techniques may be inconsistent.
In this study, it was proven that three approaches used to calculate fractal dimension from capillary pressure curves could be derived from each other. Capillary pressure curves of different rocks were measured using mercury intrusion. Fractal dimensions were calculated with the three fractal models and the results were compared. The fractal approach used to characterize the rock heterogeneity was verified qualitatively using the frequency graphs of pore size distribution inferred from capillary pressure curves. Also studied was the comparison of fractal dimension inferred from intrusion capillary pressures with that inferred from extrusion capillary pressures in the same core sample.
Methodology
As mentioned previously, there have been three main models to calculate fractal dimension from capillary pressure curves. The three fractal models proposed by different researchers 3, 7, 8 are derived theoretically in this section.
An important feature of a fractal object in nature is the self-affinity with a dimension that is fractal rather than integer. This feature can be represented mathematically by a powerlaw function:
where r is the radius (or characteristic length) of a unit chosen to fill the fractal object, N(r) is the number of the units (with a radius of r) required to fill the entire fractal object, and D f is the so-called fractal dimension. The fractal dimension is a representation of the heterogeneity of the fractal object. The greater the fractal dimension, the more heterogeneous the fractal object. Capillary pressure curves measured by a mercury intrusion technique are often used to infer the pore size distribution of rock samples. In making this inference, rock with solid skeleton and pores is represented by using a capillary tube model. N(r) can be calculated easily once capillary pressure curves are available. The unit chosen in this study was a cylindrical capillary tube with a radius of r and a length of l. So the volume of the unit is equal to πr 2 l and N(r) at a given radius of r is then calculated easily.
Once N(r) is known, the value of fractal dimension, D f , can be determined from the relationship between N(r) and r. The relationship between N(r) and r should be linear on a log-log plot if the pore system of the rock is fractal.
This approach for calculating fractal dimension has been used by the author and other researchers [8] [9] 11 . According to the capillary tube model and the previous description, N(r) can be expressed as follows:
where l is the length of a capillary tube and V Hg is the cumulative volume of mercury intruded into the rock sample when capillary pressure is measured. Combining Eq. 1 and Eq. 2:
Arranging Eq. 3:
Considering a capillary tube model, the capillary pressure can be expressed as follows:
where P c is the capillary pressure, σ is the surface tension, and θ is the contact angle.
Substituting Eq. 5 into Eq. 4:
The mercury saturation is calculated as follows:
where S Hg is the mercury saturation and V p is the pore volume of the core sample. Substituting Eq. 7 into Eq. 6:
where a is a constant. According to Eq. 8, the saturation of mercury intruded into the rock is a power-law function of capillary pressure and the fractal dimension can be obtained by drawing the mercury saturation versus capillary pressure on a log-log plot. This method is similar to the technique used by Angulo and Gonzalez 7 . Differentiating Eq. 8:
Eq. 9 is similar to the equation derived by Friesen and Mikula 3 :
Note that we would obtain the same equation if a threedimensional pore model, instead of a two-dimensional capillary tube model, were used to calculate the number of pores in porous media. Fractal dimension can also be calculated from capillary pressure data according to Eq. 9.
One can see that the approaches used by Angulo and Gonzalez 7 (Eq. 8) and by Friesen and Mikula 3 (Eq. 9 or 10) can be derived from Eq. 1, which was used by the author and other researchers [8] [9] 11 . Theoretically the values of fractal dimension calculated using the three approaches should be the same. However the results were actually different. This will be demonstrated in the next section and discussed in more detail.
Experimental Measurements
Mercury intrusion tests were conducted in three core samples from an oil reservoir and one Berea sandstone core sample. The reason for the selection of mercury intrusion tests to measure capillary pressure curves is that the surface tension of mercury and the contact angle are well known and constant during an experiment. With this feature, the measured capillary pressure curves should be a good representation for the pore structure of rock.
The measured porosities of the three reservoir core samples were 24.09% (core S1), 26.32% (core S2), and 27.11% (core S3); the air permeabilities were 206, 935, and 2131 md respectively. The three cores were sampled from different depths in the oil reservoir and were expected to have different pore structure and heterogeneity. The porosity of the Berea sandstone sample was about 23.0% and the air permeability was about 804 md. The Berea sandstone sample was the same as used by Li and Horne 11 . The surface tension of air/mercury is 480 mN/m and the contact angle through the mercury phase is 140 o according to the results reported by Purcell 16 .
Results
The values of fractal dimension were calculated from experimental data of capillary pressure using the three approaches represented by Eqs. 1, 8, and 9 respectively. The results are presented and analyzed in this section. Fig. 1 shows the experimental data of capillary pressure curves of the three core samples from an oil reservoir. In Fig.  1 , capillary pressure was plotted against wetting-phase saturation (the wetting-phase was air in this study). Qualitatively one can see from Fig. 1 that the heterogeneity of the three core samples was significantly different according to the curvatures of the capillary pressure curves. Core S1 was the most heterogeneous and core S3 was the most homogeneous. It is expected that the values of fractal dimension of the three core samples have the following relationship: D f (S1)>D f (S2)>D f (S3).
As mentioned previously, there are three main approaches (Eqs. 1, 8, and 9) to infer fractal dimension from capillary pressure curves. To test if the values of fractal dimension calculated using the three approaches are the same, the capillary pressure curves were transferred and plotted in Figs. 2, 3, and 4 according to Eqs. 1, 8, and 9. One can see in Fig. 2 that all the curves of N(r) vs. r are linear on a log-log plot, which implies that the pore systems of the three core samples are fractal and can be characterized using the theories of fractal geometry. Note that some data points with large pore throat diameters in Fig. 2 are off the straight lines. This implies that the pore system consisting of large pore throats may not be fractal, which is consistent with the observations of other researchers 5, [7] [8] [9] [10] [11] . The values of fractal dimension were calculated using Eq. 1 (Method I) and the results are listed in Table 1 . The results show that the values of fractal dimension of the three core samples range from 2.06 to 2.45 and have the relationship: D f (S1)>D f (S2)>D f (S3), as expected. The values of fractal dimension represent the extent of heterogeneity. The core with greater fractal dimension has greater heterogeneity. Fig. 3 shows the relationship between mercury saturation and capillary pressure. As foreseen from Eq. 8, the three curves are all linear when the capillary pressure is greater than a specific value. Fractal dimensions were calculated based on the linear part shown in Fig. 3 using Eq. 8 (Method II) and the results are listed in Table 1 . One can see that the values of fractal dimensions calculated using Method I and Method II are almost the same for the three reservoir core samples. Fig. 3 also demonstrates that the pore system with large pores may not be fractal. Fig. 4 plots the fractal curves transferred from the capillary pressure data shown in Fig. 1 according to Eq. 9 (Method III). The data points in Fig. 4 are more scattered than the data in Figs. 2 and 3 . The values of fractal dimensions calculated using Method III are also listed in Table 1 . Although the results show that D f (S1)>D f (S2)> D f (S3), the values of fractal dimensions are significantly different from those calculated using Method I and Method II. The fractal dimensions calculated using Method III was in the range from 1 to 2 rather than from 2 to 3.
Another approach used frequently to represent capillary pressure curves is the Brooks-Corey model 13 . This approach plots capillary pressure versus normalized wetting-phase saturation in logarithmal coordinations. The capillary pressure curves shown in Fig. 1 were transferred in such a way and the results are shown in Fig. 5 . The normalized wetting-phase saturation is calculated as follows: S is the normalized wetting-phase saturation, S w is the wetting-phase saturation, and S wr is the residual saturation of the wetting-phase.
One can see from Fig. 5 that the capillary pressure curve of core S3 is linear on a log-log plot, which implies that the capillary pressure curve can be represented using the BrooksCorey model 13 . However the capillary pressure curves of the other two rock samples are nonlinear, which implies that the capillary pressure curves may not be represented using the Brooks-Corey model. Note that all the three fractal curves shown in Fig. 2 are linear.
According to the values of fractal dimensions calculated using the three fractal models (Eqs. 1, 8, and 9), core S1 has the greatest heterogeneity and core S3 has the greatest homogeneity. To provide further evidence of the heterogeneity of the three core samples, the pore size (pore throat radius) distributions inferred from capillary pressure measurements are shown in Figs. 6-8. Rock heterogeneity can be observed qualitatively from the frequency graph of pore size distribution. One can see from Fig. 6 that the pore size distribution of core S1 is wide and has multiple peaks. Fig. 8 shows that the pore size distribution of core S3 is narrow and has only one peak. This implies that core S1 is more heterogeneous than core S3, as indicated by the values of fractal dimensions listed in Table 1 .
Both intrusion and extrusion capillary pressure curves of Berea sandstone were measured and the results are plotted in Fig. 9 . The fractal curves transferred using Method I are shown in Fig. 10 . The fractal dimensions in the intrusion and the extrusion cases calculated using Method I are the same and the value is listed in Table 1 . Figs. 11 and 12 show the fractal curves transferred using Method II and Method III. One can see that the fractal dimensions in the intrusion and the extrusion cases calculated using Method II and Method III are also almost the same. Note that the fractal dimension of Berea sandstone listed in Table 1 is the value in the intrusion case.
The results discussed in this section demonstrated that the fractal dimension characterizes the heterogeneity of rock satisfactorily.
Discussion
According to the studies in this work, it has been found that almost equal fractal dimensions could be obtained using Method I and Method II. However the fractal dimensions inferred using Method III are substantially different and are unexpectedly less than 2. The data points are very scattered if Method III is used. The reason is not clear. Probably, the error is enlarged after differentiating the mercury saturation and the capillary pressure. Nonetheless it may be too early to declare Method III to be invalid.
The significance of calculating fractal dimensions of rock and characterizing heterogeneity is the application in developing relative permeability models, capillary pressure models, and predicting oil production rate, etc. As mentioned previously, Lenormand 6 proposed a fractal model to correlate the oil production rate with production time. However few experimental data are available to verify the fractal production rate model proposed by Lenormand 6 . Several researchers 6, 10 reported relative permeability models derived from fractal modeling of porous media. Shen and Li 9 reported that the ultimate oil recovery by water flooding depended on the fractal dimension of domain II. Shen and Li 9 also reported that the values of initial water saturation correlate with the fractal dimension of domain III with smaller pores. The results are reasonable because fractal dimension is a representation of heterogeneity.
It is known that many reservoir properties such as initial water saturation, production performance, and ultimate oil recovery by water flooding depend on the heterogeneity of rock. It is helpful to correlate these parameters if the heterogeneity of rock can be represented quantitatively and properly. There are not many parameters available to do so. The results in this study show that fractal dimension inferred from capillary pressure curves measured by mercury intrusion, either calculated using Method I or Method II, can characterize the heterogeneity of rock quantitatively and properly. As described previously, there are many areas where the concept of fractal dimension and the theories of fractal geometry can be applied.
Conclusions
Based on the present work, the following conclusions may be drawn: 1. Fractal dimension estimated from capillary pressure curves measured by mercury intrusion can be used to characterize the heterogeneity of rock samples quantitatively.
2. Three approaches used by earlier authors to infer fractal dimension from capillary pressure curves can be derived theoretically from each other. 3. The values of fractal dimension calculated using three approaches may be different but the relationship with heterogeneity of rock is similar, that is, the greater the fractal dimension, the greater the heterogeneity of the rock. 4. The fractal dimension inferred from the intrusion capillary pressure curve is almost the same as that from the extrusion capillary pressure curve in Berea sandstone. 5. The capillary pressure curves of two core samples among three are not linear but the fractal curves of all the three core samples are linear in a log-log plot. 1.E-03
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